Abstract-For the analysis of a -variant optical waveguide with high-index contrast by the beam-propagation method (BPM), the error often grows up during the propagation process. In this paper, the formulation of the BPM is revisited, taking into account the effects of the longitudinal field component. The improvement in accuracy is demonstrated through the analysis of a vertically tapered rib waveguide. The power expression based on the Poynting vector is also employed to improve the power conservation property. As an application, the present technique is applied to the design of a spot-size converter composed of a multicore structure. It is numerically demonstrated that the use of a curvilinearly tapered core leads to a conversion length of 570 m, which is 42% less than the length of a linearly tapered core, with a coupling efficiency of 97% being maintained at a wavelength of 1.55 m.
I. INTRODUCTION
T HE analysis of an optical waveguide with high-index contrast by the beam-propagation method (BPM) is a challenging task in terms of accuracy and power conservation [1] . The difficulty becomes significant particularly when a waveguide with an asymmetrical index profile is treated. To resolve this problem, some attempts were made, but most of the previous works neglected the existence of the longitudinal field components [2] - [4] , except for the full vectorial treatment done by Montanari et al. [5] . In this paper, we newly formulate a semivectorial BPM partially retaining the effects of the longitudinal field component [6] . The power is evaluated on the basis of the Poynting vector. The improvement in terms of accuracy and power conservation is demonstrated through the analysis of a vertically tapered rib waveguide. Some numerical results obtained with the finite-difference time-domain (FDTD) method are also presented to clarify the motivation of revisiting the BPM formulation.
As an application of the present BPM, we analyze a spot-size converter (SSC). Many types of SSCs were designed using a tapered waveguide [7] - [12] . Watanabe et al. [10] have developed the SSC composed of a multicore structure, in which a strongly guiding core with a linear taper is loaded on a weakly guiding core. In this paper, we investigate the SSC using the present BPM to design an optimum taper configuration. It is numerically demonstrated that the use of a curvilinearly tapered core leads to a conversion length of 570 , which is 42% less than the length of a linearly tapered core, with a coupling efficiency of 97% being maintained at a wavelength of 1.55 .
II. INFERENCE FROM A PLANAR STRUCTURE
In this section, we infer appropriate field components to be used in the 3-D BPM analysis from the field components used in the analysis of a 2-D planar structure.
We consider a 2-D slab waveguide whose refractive index varies slowly towards the -direction, as shown in Fig. 1 . For the transverse-magnetic (TM) mode, the magnetic field component does not exist in the longitudinal direction . Furthermore, , so that we can only treat the , , and components. This means that the TM wave can be analyzed correctly by using only the magnetic field component. Similarly, for the transverse-electric (TE) mode, there exists the , , and components. Therefore, the TE wave can be analyzed by using only the electric field component. In other words, the propagating field can be analyzed by using the components tangential to the core-cladding interface whose refractive index varies along the -direction. From this fact, we can expect the situation in a 3-D structure whose refractive index varies only in the horizontal or vertical plane. Since the longitudinal field components are neglected in the conventional semivectorial BPM, we have to select the or field whose longitudinal component is sufficiently small. As a result, it is expected that the BPM gives fairly good results, provided the field component tangential to the core-cladding interface whose refractive index varies along the -direction is chosen.
To clarify the aforementioned inference, we perform the FDTD analysis of the vertically tapered rib waveguide shown in Fig. 2 the field components. The rib waveguide is the same as that used in a benchmark test [13] , and its configuration parameters are , , rib width , central rib height , and lateral height . The taper angle is taken to be and the wavelength is chosen to be . Spatial sampling widths are and
. The boundary between the guiding layer and the air region is expressed by the staircase approximation. Higdon's absorbing boundary condition [14] is employed for the FDTD analysis throughout this paper. Fig. 3 shows the squared norms of the minor components as a function of propagation distance for the (quasi-TM) and the (quasi-TE) modes, respectively. The electric and magnetic fields are normalized in such a way that their magnitudes are of the same order [15] . It is seen that the norm of the component increases during the propagation process for the mode [ Fig. 3(a) ]. This means that the analysis of the quasi-TM mode using only the component is not suitable, since the component is neglected in the conventional BPM. Fig. 3 (a) also shows that neglecting the minor transverse components is reasonable. Consequently, we should use the component for analyzing the quasi-TM mode in this configuration. On the other hand, the norm of the component increases during the propagation process for the mode [ Fig. 3(b) ], so that we should use the component in the analysis of the quasi-TE mode. Preliminary BPM analysis confirms that the results obtained with the components normal to a variant core-cladding interface induce larger errors than those with the components tangential to the interface. This fact is noticeable in the analysis using the field components. We, therefore, extend our discussion on the basis of the field in the following sections.
III. FORMULATION

A. Modified Semivectorial BPM
From the discussion in Section II, it can be said that the use of the field components tangential to a variant core-cladding interface is reasonable for the semivectorial BPM analysis. It should be noted, however, that the refractive index of some optical waveguides varies both horizontally and vertically. This fact motivates us to develop a BPM that takes into account the effects of the longitudinal field component, since it is expected to allow the use of the field component normal to the variant core-cladding interface. In this section, we will develop a modified semivectorial BPM that partially takes into account the effects of the component. We start from Maxwell's equations where and are the free-space permittivity and permeability, respectively.
is the angular frequency and is the refractive index profile of a waveguide. By eliminating from Maxwell's equations, we obtain the vector wave equation (3) where is the free-space wavenumber. Most of the previous works have neglected the term in (3), since -invariant waveguides or slowly -variant waveguides are assumed. This approximation, which implies the negligence of the longitudinal field components, often induces numerical errors.
We now treat the mode. Since the negligence of the minor transverse components is reasonable in the tapered structure, we formulate propagation equations with retaining . Expressing the field as with being the reference refractive index, we obtain a set of coupled equations in terms of the and components
Note that the necessity of the term in (4) (corresponding to the term #A in (7)) has already been pointed out in [1] and [2] . To evaluate the component of the last term in (4), we employ the relation . After expressing the field and substituting this equation into the divergence equation, we have (6) It should be noted that within the framework of the slowly varying envelope approximation (SVEA), the field satisfies the relation . Also recall that for the mode. This means that the first and third terms in (6) can be omitted. The resultant equation can be substituted into (4). Interestingly enough, the introduction of the SVEA into the component leads to decoupling of the and components, so that the following modified propagation equation consisting only of the component is derived
Note that the term #B appears by the effect of the component.
To evaluate the second derivative with respect to the transverse direction, we employ the second-order finite-difference scheme [2] , which takes into account the boundary condition at the dielectric interface. The terms #A and #B in (7) are evaluated using the following formula [16] : (8) where indicates the position along the -direction. Another scheme, such as the use of a natural logarithm, may also be used instead of (8), and almost the same results are obtained in the present tapered rib waveguide. Our previous study showed that (8) may yield better results, depending on the problem [2] . We carry out the propagating beam analysis to verify the accuracy of the derived propagation equation. Here, we apply the Padé approximant only to the vertical direction using the paraxial approximation to the horizontal direction and employ the alternating-direction implicit method [17] , so that First step
Second step (10) where We analyze the vertically tapered rib waveguide under the condition of the same sampling widths as those in the FDTD analysis. The reference refractive index is chosen to be , where is the propagation constant of the waveguide at . The calculated field distributions are shown in Fig. 4 . The field is expressed by a logarithmic scale, in which the data up to 45 dB are presented. Appreciable numerical noise is found for the conventional formulation without the terms #A and #B [ Fig. 4(a) ]. The inclusion of the term #A reduces error, but the numerical noise remains in the air region [ Fig. 4(b) ]. Introduction of both terms #A and #B greatly contributes to a reduction in the numerical noise [ Fig. 4(c) ]. For further comparison, we show the field distribution obtained from the FDTD method [ Fig. 4(d) ], in which the calculation is done only within the region shown by the broken line due to the limited computer memory [ is used only for Fig. 4(d) ]. From these figures, good agreement is found to exist between the results obtained from the modified BPM and FDTD method.
B. Power Evaluation Based on the Poynting Vector
Next, we investigate the power evaluation based on the Poynting vector [6] . The Poynting vector is defined as (11) where the superscript denotes the complex conjugate. From (2), the and components are expressed as
Substituting (12) and (13) into (11), we obtain (14) Again expressing the field as , the power is given by (15) In the conventional scheme, only the term #5 or #6 in (15) is evaluated, often resulting in nonconservation of power.
We again deal with the vertically tapered rib waveguide discussed so far. Fig. 5 shows the contribution of each term in (15) obtained with the FDTD method. Since the term #3 retains the appreciable magnitude for the mode, the evaluation of the term #3 as well as the major term #6 is expected to contribute to improving the power conservation property. It is found in Fig. 5(b) that the major term #5 exhibits some humps for the mode. The locations of the humps correspond to the index change caused by the staircase approximation. It should be noted that the term #1 generated by the longitudinal field component varies so as to compensate the variation of the major term #5. Therefore, the term #1 must also be evaluated in addition to the terms #2 and #5. Fig. 6 shows the normalized power obtained with the BPM analysis. The notations in the brackets mean the terms in (15) used in the power evaluation. To check the power conservation property, we intentionally eliminate the absorbing boundary condition. Since the power is normalized to the input power, the power should retain unity provided the power conservation property is maintained.
It is found from Fig. 6(a) that the use of the component, which is tangential to the variant core-cladding interface, together with the evaluation of the terms #3 and #4, contributes to improving the power conservation property. We should recall that the contribution of the term #4 is negligible for the mode, so that the evaluation of the term #4 is not necessarily required.
In contrast to Fig. 6(a) , Fig. 6(b) indicates that the use of the component, which is normal to the variant core-cladding interface, results in the appreciable humps in the normalized power evaluated by the major term #5, corresponding to those observed in Fig. 5(b) . However, the evaluation of the terms #A and #B, together with the terms #1, and #2 and #5, considerably serves to keep the normalized power constant.
IV. DESIGN OF A SSC
We apply the present BPM to designing the SSC shown in Fig. 7(a) , which was developed in [10] . The SSC is composed of a multicore structure, in which a strongly guiding core with a taper profile is loaded on a weakly guiding core. The configuration parameters of the upper core are taken as follows: the refractive index , width , and height , while those in the lower core are , , and . The refractive index of the cladding is chosen to be . The wavelength is chosen to be and consideration is given to the mode. The sampling widths are taken to be , and . The eigenmode analysis shows that the present SSC is intended to convert the spot-size from 16.8 to 85.2 . In [10] , only a linearly tapered core was studied. In this paper, we consider the taper structure in more detail. The tapered profile of the upper core width, , is expressed as [18] 
where is the axial distance of the tapered section. The overall length of the tapered section is fixed to be and the length of the straight section is varied. The upper core is also tapered vertically in the same manner as the horizontal direction. Changing the parameter in (16) allows us to control a taper shape, as shown in Fig. 7(b) . The waveguide with is linearly tapered, which corresponds to the configuration proposed in [10] , and that with is curvilinearly tapered. To confirm the power conservation property, we first analyze the linearly tapered SSC using the technique in Section III (the Padé approximant is applied only to the vertical direction since larger field variation is observed in the vertical plane). Fig. 8 shows the normalized power as a function of propagation distance. From the figure, it is found that the evaluation of neglected terms (#A, #B, #1, and #2) serves to conserve the power, although not completely. Fig. 8 demonstrates that the present technique can be used for a structure tapered both vertically and horizontally.
We now consider the coupling characteristics between the upper and lower cores of the SSC. To obtain smooth power transfer from the upper core to the lower core, we have to consider two factors: one is the suppression of generating the radiation modes along the tapered core and the other is the adjustment of the coupling length between the two cores.
Note that Ladouceur and Love [19] intuitively described a low-loss criterion for a taper profile of a dielectric-waveguide: Radiation loss will be small if the taper length is large compared with the coupling length between the fundamental guidedmode and the radiation field. The limit of the local taper angle between the -axis and the tangent to the dielectric interface was expressed as (17) where is the propagation constant of the upper core at , and is that in the cladding. This equation implies that the change in should become less for larger . Therefore, the guided-mode power is expected to be maintained in a curvilinear taper compared with a linear taper.
We also note that the coupling between the upper and lower cores is determined by the even and odd supermodes, since the SSC can be regarded as a composite waveguide. If the phase matching between the two cores is satisfied, the power in the upper core is completely converted into the lower core, although a long distance is required. On the other hand, if the phase matching is not fully satisfied, only part of the power is transferred to the lower core, with the coupling length being relatively short. We should recall that the propagation constant of the upper core is varied depending on its cross section. Since the propagation constant of the upper core at the input is larger than that of the lower core, the coupling length around the input is relatively short with an insufficient power transfer to the lower core. As the cross section of the upper core is decreased, the coupling length becomes long and the coupling efficiency increases because the propagation constant of the upper core approaches that of the lower core.
Keeping the aforementioned discussion in mind, we turn to the propagating beam analysis. Fig. 9 shows the coupling efficiency as a function of propagation distance when the SSC is excited with the fundamental mode of the upper core. The coupling efficiency is calculated by the guided-mode power of the lower core. The length of the straight section of the upper core is fixed to be . For the oscillatory behavior at short propagation distances is observed as the field propagates, since the coupling length between the upper and lower cores is too short near the input region. The coupling efficiency is calculated to be 97% at a propagation distance of . On the other hand, the comparable efficiency can be obtained at a shorter length of for , since the curvilinear taper makes the coupling length longer with subsequent suppression of the oscillatory behavior near the input region. In the case of , the radiation loss increases due to the excessive taper of the upper core, resulting a low coupling efficiency.
To further facilitate the smooth transfer of the power from the upper core into the lower core, the straight waveguide, whose length is designated as , may be employed at the input region. Fig. 10 shows the coupling efficiency as a function of propagation distance, in which is varied (the taper shape parameter is fixed to be ). A coupling efficiency of 97% can be obtained at a propagation distance of when we choose . Although not shown, the characteristics of the mode are similar to those of the mode.
V. CONCLUSION
We have developed a modified semivectorial BPM, which partially takes into account the effects of the longitudinal field component. The motivation of revisiting the formulation of the BPM is described on the basis of the results obtained with the FDTD method. After indicating the effectiveness of the use of the field components tangential to a variant core-cladding interface, we show that the inclusion of the longitudinal field component leads to improvement in accuracy for the analysis of a step-index waveguide by the field component normal to the variant core-cladding interface.
The power evaluation based on the Poynting vector is also carried out to show the contribution of all the field components to the total power. The results obtained with the FDTD method clearly indicates the necessity of the inclusion of some terms neglected in conventional schemes.
As an application, a SSC composed of a multicore structure, in which the upper core is tapered both horizontally and vertically, is analyzed to design an optimum taper configuration. It is numerically demonstrated that the use of a curvilinearly tapered core leads to a conversion length of 570 , which is 42% less than the length of a linearly tapered core, with a coupling efficiency of 97% being maintained at a wavelength of 1.55 . Finally, we add a brief comment on the treatment where the transverse minor component cannot be negligible. In this case, the equation corresponding to (7) becomes coupled ones, including the and components. Furthermore, we have to evaluate all the terms appeared in the power evaluation of (15). Although we have already implemented this kind of full-vectorial scheme and confirmed its effectiveness in the analysis of a polarization rotator [20] , the detailed discussion will be presented in a separate paper.
